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Information

� The test is closed-book.

� This test hasfivequestions, totalling 50 marks.

� Answerall the questions.

� You have 45 minutes.



1. (10 marks) Are the following signals periodic? If so, whatis the

fundamental period and frequency?

(a) x.t/ D cos. �
3

t / C 3 sin. �
4

t /

(b) x.t/ D ej. �

2
t�1/.

(a) Find smallest T such thatx.t/ D x.t C T /, or

cos.
�

3
t/ C 3 sin.

�

4
t/ D cos.

�

3
.t C T / C 3 sin.

�

4
.t C T //

D cos.
�

3
t C

�

3
T / C 3 sin.

�

4
t C

�

4
T /

The condition above is satisfied for�
3

T D 2k� and �
4

T D 2m�, for k

andm integers. Thus if we can find integersk andm such thatT D 6k

andT D 8m, then the signal is periodic. The smallest integers

satisfyingT D 6k D 8m arek D 4 andm D 3, so the signal is

periodic with fundamental periodT D 6.4/ D 8.3/ D 24. The

fundamental frequency is thereforef D 1=T D 1=24 Hz.

(b) Find smallestT such that

ej. �

2
t�1/ D ej. �

2
.tCT /�1/ D ej. �

2
tC

�

2
T �1/ D ej. �

2
t�1/ej �

2
T :

The smallest value ofT such that this is true isT D 4.



2. (10 marks) Supposey1.t/, y2.t/ andy3.t/ are as shown below:

(−1)
0

t
0

t
0

t

(1) (1)

2

2
y1.t/ y2.t/ y3.t/

If x.t/ andy.t/ are
(2)

t

x(t)
1

2

0 1−2
t

y(t)

−2

1

(−1) (−1)

0

then sketch

(a) x.t/ � y1.t/

(b) x.t/ � y2.t/

(c) x.t/ � y3.t/

(d) y.t/ � y1.t/

(e) y.t/ � y2.t/

(f) y.t/ � y3.t/.

The solutions are as follows — see next page for sketches.

(a) x.t/ � y1.t/ D x.t/ � ı.t/ D x.t/, sinceı.t/ is the identity element of
convolution.

(b) x.t/ � y2.t/ D x.t/ � ı.t � 2/ D x.t � 2/, since shifting one signal by 2
shifts the resulting convolution by 2.

(c) x.t/ � y3.t/ D x.t/ � �1ı.t � 2/ D �1.x.t/ � ı.t � 2// D �x.t � 2/,
since the convolution operator is linear.

(d) y.t/ � y1.t/ D y.t/ � ı.t/ D y.t/.

(e) y.t/ � y2.t/ D y.t/ � ı.t � 2/ D y.t � 2/.

(f) y.t/ � y3.t/ D y.t/ � �1ı.t � 2/ D �1.y.t/ � ı.t � 2// D �y.t � 2/.



Sketches are as follows:

� Questions (a), (b), and (c)

t
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x.t/ � ı.t/

x.t/ � ı.t � 2/

x.t/ � �ı.t � 2/

� Questions (d), (e), and (f)

(1)

t
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0
t

3

1−2
t
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(−1)(−1)

(−1) (−1)
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(2)
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(−2)

(1)

y.t/ � ı.t/

y.t/ � ı.t � 2/

y.t/ � �ı.t � 2/



3. (10 marks) Use the derivative property of convolution to find

w.t/ D x.t/ � y.t/, where

y(t)

t t

x(t)
11

2

0 1−2 20

If w.t/ D x.t/ � y.t/, then the derivative property of convolution states

that Pw.t/ D x.t/ � Py.t/. However, Py.t/ D ı.t/ � ı.t � 2/ (generalised

derivative ofy.t/), so

Pw.t/ D x.t/� Py.t/ D x.t/�.ı.t/�ı.t�2// D Œx.t/�ı.t/�CŒx.t/��ı.t�2//�

From the results of the previous section (or otherwise) we know that this

equals

Pw.t/ D x.t/ � x.t � 2/;

so Pw.t/ looks like

−2

t

2

0

31

Pw.t/

Integrating once gives the required answer:

−2
t

w(t)

4

0 3



4. (10 marks) Consider a continuous-time LTI system described by

y.t/ D T fx.t/g D
1

T

Z tCT=2

t�T=2

x.�/d�:

(a) Find and sketch the impulse responseh.t/ of the system.

(b) Is the system causal?

(a) Impulse response is the output of the system when the input is the impulse:

x.t/ D ı.t/. Thus the impulse responseh.t/ is

h.t/ D T fı.t/g D
1

T

Z tCT=2

t�T=2

ı.�/d� D

8

<

:

1
T

� T
2

< t < T
2

0 otherwise:

1/T

t

h(t)

0−T/2 T/2

(b) The system is not causal, since the impulse response is nonzero for some

values oft .



5. (10 marks) Suppose a LTI system has impulse response

1

t
20

h(t)

(a) What is the response of the system to the complex signal

x1.t/ D ej!t

for some fixed!?

(b) Hence, by writing cos.x/ in terms of complex exponentials, find the

response of the system to

x2.t/ D cos.!t/:

Note that in this case the result should bereal valued, so some

simplification may be necessary.

(a) Direct convolution gives the result:

y2.t/ D

Z

1

�1

h.�/x1.t � �/d� D

Z 2

0

ej!.t��/d� D ej!t

Z 2

0

e�j!�d�

D ej!t

�

1

�j!
e�j!�

��D2

�D0

D �
1

j!
ej!t

�

e�j!2 � 1
�

D
1 � e�j!2

j!
:

(b) The signalx2.t/ D cos.!t/ can be written as

x2.t/ D
1

2

�

ej!t C e�j!t
�

D
1

2
ej!t C

1

2
e�j!t :

Because the system is linear, the response tox2.t/ will be the sum of the

responses to each of the terms above. Now from part (a) the response of

the system to inputej!t is ej!t .1 � e�j!2/=.j!/ so the response to

1=2ej!t will be ej!t .1 � e�j!2/=.j 2!/. Similarly, the response to



1=2ej.�!/t will be ej!t .1 � e�j.�!/2/=.j 2.�!//. Thus the output will be

y.t/ D ej!t .1 � e�j!2/=.j 2!/ C ej.�!/t .1 � e�j.�!/2/=.j 2.�!//

D
1

j 2!

�

ej!t � ej!.t�2/ � e�j!t C e�j!.t�2/
�

D
�1

j 2!

�h

ej!.t�2/ � e�j!.t�2/
i

�
�

ej!t � e�j!t
�

�

D �
1

!
.sin.!.t � 2// � sin.!t// :


